Let k be a positive integer and let G = (V, E) be a simple graph. The k-tuple domination number γ ×k (G) of G is the minimum cardinality of a k-tuple dominating set S, a set that for every vertex
Introduction
Domination in graphs is now well studied in graph theory and the literature on this subject has been surveyed and detailed in the two books by Haynes, Hedetniemi, and Slater [3, 4] .
A set S ⊆ V is a dominating set if each vertex in V \ S is adjacent to at least one vertex of S. The domination number γ(G) is the minimum cardinality of a dominating set. A set S ⊆ V is a total dominating set if each vertex in V is adjacent to at least one vertex of S, while the minimum cardinality of a total dominating set is the total domination number γ t (G) of G.
In [2] Harary and Haynes defined a generalization of domination as follow. Let k be a positive integer. A subset S of V is a k-tuple dominating set, abbreviated kDS, of G if for every vertex v ∈ V , either v is in S and has at least k − 1 neighbors in S or v is in V − S and has at least k neighbors in S. The k-tuple domination number γ ×k (G) is the minimum cardinality of a k-tuple dominating set of G. Clearly, γ(G) = γ ×1 (G) ≤ γ ×k (G), while γ t (G) ≤ γ ×2 (G). For a graph to have a k-tuple dominating set, its minimum degree is at least k − 1. Hence for trees, k ≤ 2. A k-tuple dominating set where k = 2 is called a double dominating set (DDS).
In [5] , Henning and Kazemi started the studying of the k-tuple total domination (= total k-domination) number in graphs. Let k be a positive integer. A subset S of V is a total k-dominating set (or k-tuple total dominating set) of G, abbreviated kTDS, if every vertex in V has at least k neighbors in S. The total k-domination (or k-tuple total domination) number γ ×k,t (G) is the minimum cardinality of a kTDS of G. We remark that a total 1-domination number is the well-studied total domination number. Thus, γ t (G) = γ ×1,t (G), and we write TDS instead of 1TDS. For a graph to have a total k-dominating set, its minimum degree is at least k. Since every total (k + 1)-dominating set is also a total k-dominating set, we note that γ ×k,t (G) ≤ γ ×(k+1),t (G) for all graphs with minimum degree at least k + 1. A kTDS of cardinality γ ×k,t (G) we call a γ ×k,t (G)-set. A total 2-dominating set is called a double total dominating set, abbreviated DTDS, and the total 2-domination number is called the double total domination number. The redundancy involved in total k-domination makes it useful in many applications.
Hypergraphs are systems of sets which are conceived as natural extensions of graphs. A hypergraph H = (V, E) is a finite set V of elements, called vertices, together with a finite multiset E of arbitrary subsets of V , called edges. A kuniform hypergraph is a hypergraph in which every edge has size k. Every simple graph is a 2-uniform hypergraph. Thus graphs are special hypergraphs. Let k be a positive integer. A k-transversal in a hypergraph H is a subset S ⊆ V such that |S ∩ e| ≥ k for every edge e ∈ E. The k-transversal number τ k (H) of a hypergraph H is the minimum size of a k-transversal in H. The 1-transversal and 1-transversal number τ 1 (H) we call, respectively, transversal and transversal number τ (H).
For a graph G = (V, E), the open neighborhood hypergraph H G = (V, C), abbreviated by ONH, of G is the hypergraph with the vertex set V (H G ) = V and the edge set E(H G ) = C consisting of the open neighborhoods of vertices of V in G. Now we define a new hypergraph. For a graph G = (V, E), the closed neighborhood hypergraph H G = (V, C), abbreviated by CNH, of G is the hypergraph with vertex set V (H G ) = V and with edge set E(H G ) = C consisting of the closed neighborhoods of vertices of V in G.
The cross (or categorical ) product G × H of two graphs G and H is the graph with
Similarly, for each vertex u ∈ V (G), we denote the set of vertices {(u, v) : v ∈ V (H)} by H u and we call H u the H-level of G × H corresponding to the vertex u. We note that G v and H u are independent sets in G × H.
The k-join of a graph G to a graph H of order at least k is the graph obtained from the disjoint union of G and H by joining each vertex of G to at least k vertices of H. We denote this graph by G • k H.
The notation we use is as follows. Let G be a simple graph with vertex set V = V (G) and edge set E = E(G). The order | V | and size | E | of G are denoted by n = n(G) and m = m(G), respectively. For every vertex v ∈ V , the open neighborhood N G (v) is the set {u ∈ V : uv ∈ E} and the closed neighborhood of v is the set
The minimum and maximum degree of a graph G are denoted by δ = δ(G) and ∆ = ∆(G), respectively. If every vertex of G has degree k, then G is said to be k-regular. We write K n and K n 1 ,...,np for the complete graph of order n, and the complete p-partite graph, respectively.
We know that for any graph G of order n with δ(G) ≥ k,
Obviously for every k-regular graph, the upper bound n is sharp. Here, we give a sufficient condition for γ ×k,t (G) < n. Then we characterize complete multipartite graphs G satisfy γ ×k (G) = γ ×k,t (G). We also state that the total k-domination number of a graph is the k-transversal number of its open neighborhood hypergraph, and also the domination number of a graph is the transversal number of its closed neighborhood hypergraph. Finally, we give an upper bound for the total k-domination number of the cross product graph G × H of two graphs G and H in terms on the total k-domination numbers of G and H. Also, we show that this upper bound is strict for some graphs, when k = 1.
The following theorems are useful in the context.
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A.P. Kazemi Theorem 1 [5, 6] . Let G be a graph with δ(G) ≥ k. Then for any integer m ≥ k+1, γ ×k,t (G) = m if and only if
for some graph F and some spanning subgraph K ′ m of K m such that K ′ m has minimum degree at least k and m is minimum in the set {t : G = F • k K ′ t , for some graph F and some spanning subgraph
Theorem 2 [6] . If G and H are graphs satisfying
Theorem 3 [5] . Let p ≥ 2 be an integer and let G = K n 1 ,n 2 ,...,np be a complete p-partite graph where
(ii) If k = p and
On the Sharpness of Bounds in the Chain (1)
Before calculating total k-domination number of the complete multipartite graphs, we state the following theorem that gives a sufficient condition for γ ×k,t (G) < n.
Theorem 4. Let k be an integer and G be a graph of order n. If δ(G) > k, then γ ×k,t (G) < n.
Proof. Let v ∈ V (G). Then S = V (G)−{v} is a kTDS of G, and so γ ×k,t (G) < n.
We want now to characterize complete multipartite graphs G satisfy γ ×k (G) = γ ×k,t (G). For this aim, we first find γ ×k (G). The proof of the next lemma is easy and it is left to the reader.
Lemma 5. Let p ≥ 2 and k ≥ 1 be integers and let G = K n 1 ,n 2 ,...,np be a complete p-partite graph with
Lemma 5 implies γ ×k (G) = k + 1 if p ≥ k + 1 and t =| {i | n i = 1} |< k. Because with choosing one vertex from each of the k + 1 parts of the parts of its vertex partition, we may obtain a kDS with the minimum cardinal. The next theorem presents this number for p = k.
Theorem 6. Let k ≥ 2 be integers and let G = K n 1 ,n 2 ,...,n k be a complete kpartite graph of order n with δ(G) ≥ k − 1 and
Proof. Let G = K n 1 ,n 2 ,...,n k be a complete k-partite graph with the partition sets
is the unique kDS of G. Now let t < k − 1 and n t+1 = 2. In this case, let S be a vertex set such that | S ∩ X i |= 1 if and only if i = t and | S ∩ X t |= 2. Since S is a kDS of G of cardinality k + 1, Lemma 5 implies γ ×k (G) = k + 1. If t < k − 1 and n t+1 > 2, then obviously γ ×k (G) ≥ k + 2. In this case, let S be a vertex set such that | S ∩ X i |= 1 if and only if i = t + 1, t + 2 and | S ∩ X t+1 |=| S ∩ X t+2 |= 2. Since S is a kDS of G with cardinal k + 2, we get γ ×k (G) = k + 2.
Lemma 7. Let G be a complete p-partite graph with the partition sets X 1 , X 2 ,. . . , X p and δ(G) ≥ k. Then γ ×k,t (G) = γ ×k (G) if and only if there exists a γ ×k (G)-set S such that for each 1 ≤ i ≤ p, | S − X i |≥ k.
Proof. If there exists a γ ×k (G)-set S such that for each 1 ≤ i ≤ p, | S − X i |≥ k, then S is obviously a kTDS of G and so γ ×k,t (G) ≤| S |= γ ×k (G). With this fact that for each graph G, γ ×k (G) ≤ γ ×k,t (G), we conclude γ ×k,t (G) = γ ×k (G).
Conversely, let γ ×k,t (G) = γ ×k (G). Let also S be a γ ×k,t (G)-set. Then S is also a kDS of G and for each 1
By Theorems 3, 6 and Lemmas 5, 7, we have the next result.
Theorem 8. Let p ≥ 2 and k ≥ 1 be integers and let G = K n 1 ,n 2 ,...,np be a complete p-partite graph of order n with δ(G) ≥ k and 1 ≤ n 1 ≤ n 2 ≤ · · · ≤ n p . If p ≥ k and t =| {i : n i = 1} |, then γ ×k,t (G) = γ ×k (G) if and only if either t < k < p or t = k − 1 < k = p and n = k + 2 or t < k − 1 < k = p and n t+1 ≥ 3.
By Theorem 3, γ ×k,t (K n 1 ,n 2 ,...,np ) is not calculated, yet, when 3 ≤ p < k and n 1 ≤ · · · ≤ n m < ⌈k/(p − 1)⌉ ≤ n m+1 ≤ · · · ≤ n p , for some 1 ≤ m < p, and (p − 1) 1≤i≤p n i ≥ pk. We calculate this number for p = 3.
Theorem 9. Let 3 < k and let K n 1 ,n 2 ,n 3 be a complete 3-partite graph such that 1 ≤ n 1 < ⌊k/2⌋ ≤ n 2 ≤ n 3 . Then γ ×k,t (K n 1 ,n 2 ,n 3 ) = 2k − n 1 .
Proof. Let S = S 1 ∪ S 2 ∪ S 3 be a kTDS of the graph, where S i = S ∩ X i and | S ∩ X i |= s i , for 1 ≤ i ≤ 3. Since must s 1 + s 2 = s 1 + s 3 = k, we have s 2 + s 3 = 2k − 2s 1 , and so s 2 = s 3 = k − s 1 . This implies γ ×k,t (K n 1 ,n 2 ,n 3 ) = min s 1 ,s 2 ,s 3 s 1 + s 2 + s 3 = min 1≤ s 1 ≤n 1 2k − s 1 = 2k − n 1 .
k-transversals in Hypergraphs
In this section, we state that the k-transversal number of the open neighborhood hypergraph and the transversal number of the closed neighborhood hypergraph of a graph are the total k-domination number and the domination number of the graph, respectively.
Proof. On the one hand, every kTDS of G contains at least k vertices from the open neighborhood of each vertex in G, and is therefore a k-transversal of H G . In particular, if S is a γ ×k,t (G)-set, then S is a k-transversal of H G , and so τ k (H G ) ≤ |S| = γ ×k,t (G). On the other hand, every k-transversal of H G contains at least k vertices from the open neighborhood of each vertex of G, and is therefore a kTDS of G. In particular, if T is a k-transversal of H G of cardinality τ k (H G ), then T is a kTDS of G, and so γ ×k,t (G) ≤ |T | = τ k (H G ). Therefore γ ×k,t (G) = τ k (H G ).
There is a similar relation between the domination number of a graph and the transversal number of its closed neighborhood hypergraph.
Theorem 11. For any simple graph G, γ(G) = τ (H G ).
Proof. Let S be a γ-set of G, and let D be an edge in H G . Then for some x ∈ V (G), we have D = N G [x] . But since S is γ(G)-set, we have S ∩ N G [x] = ∅, and hence S ∩ D = ∅. Thus τ (H G ) ≤| S |= γ(G). For the converse, let S be a transversal of H G of cardinality τ (H G ), and we choose an arbitrary vertex x ∈ V (G). Then S ∩ N G [x] = ∅, and so S is a dominating set of G. Hence γ(G) ≤| S |= τ (H G ), and this implies γ(G) = τ (H G ).
Total k-domination in Cross Product of Graphs
Here we discuss on total k-domination number of the cross product of two graphs. First we state and prove the next theorem.
Theorem 12. If G is a graph with δ(G) ≥ k + ℓ where k, ℓ ≥ 1, then γ ×k,t (G) ≤ γ ×(k+ℓ),t (G) − ℓ.
